We introduce an anisotropic mean-field approach for the dynamics of semiflexible polymers under tension. The theory is designed to exactly reproduce the lowest order equilibrium averages of a stretched polymer, and includes the non-trivial influence of long-range hydrodynamic coupling. Validated by Brownian hydrodynamics simulations, the theory is highly accurate over a broad parameter range, even far from the weakly bending limit. It captures the change in viscoelastic response due to polymer stiffening under tension that has been observed experimentally in cytoskeletal networks.
Understanding semiflexible biopolymers under tension is relevant both in vivo-determining the mechanical response of cytoskeletal networks [1, 2, 3] -and in vitro, due to a proliferation of single-molecule techniques like optical tweezers that involve manipulating stretched DNA [4] . Yet for one of the most basic questions there is still no comprehensive, quantitatively accurate theory: what is the dynamical response of a semiflexible chain prestretched by an external force? Existing approaches are typically based on the weakly bending approximation (WBA) [5] , which assumes the polymer contour remains nearly straight-strictly valid only in the limit where the persistence length l p is much greater than the total length L, or for a large force F ≫ k B T /l p . This has proven a highly useful simplification, widely applied in both equilibrium [5, 6, 7] and non-equilibrium [8, 9, 10] contexts for stretched semiflexible polymers. Yet such theories are of limited value in describing the complex crossovers between dynamical regimes occurring for weaker forces or more flexible chains. Moreover, most of these theories ignore long-range hydrodynamic interactions, or include them only at the level of assuming distinct longitudinal and transverse friction coefficients, ζ ≈ ζ ⊥ /2, appropriate for a rigid rod [9] . This only renormalizes times scales, without affecting the dynamic scaling. As we will argue below, long-range interactions do have a significant influence on the dynamics even in the weakly bending limit, and must be incorporated to obtain a quantitative comparison with experiments.
In this work, we address the gaps in the existing approaches by constructing an anisotropic mean-field theory (MFT) for a semiflexible chain under tension, including hydrodynamics through a pre-averaging approximation. The solvent-mediated coupling between all points on the polymer is not an incidental element in the method, but a key to its success: the long-range interactions make the mean-field approach more realistic. In fact, at F = 0, isotropic MFT [11] is able to capture precisely the dynamics of an end-monomer in DNA strands observed through fluorescence correlation spectroscopy [12] . Without any fitting parameters, it gives an accurate description for strands 10 2 − 10 4 bp in length, covering a wide range between stiff and flexible chains [13] . Unlike earlier (isotropic) attempts to extend MFT to F = 0 [14, 15, 16] , our anisotropic theory is designed to yield the exact lowest-order equilibrium properties for directions parallel and perpendicular to the applied force, which are derived from the numerical quantum solution of the worm-like chain (WLC) model. Having fixed the correct static quantities, we show that the theory gives highly accurate and non-trivial predictions for the dynamics, validated through comparisons with Brownian hydrodynamics (BD) simulations. In particular, it reproduces the change in viscoelastic properties due to semiflexible polymer stiffening under tension, which has been observed experimentally in cytoskeletal networks put under stress either through deformation [6] , or the activity of motor proteins [1] .
We begin by reviewing the isotropic MFT approach to stretched semiflexible polymers [14, 15, 16] , and highlighting its limitations. The starting point is the WLC Hamiltonian,
2 − Fẑ · ds u(s), which describes the elastic energy of a space curve r(s) with contour coordinate 0 ≤ s ≤ L and tangent vector u(s) ≡ ∂ s r(s) constrained by local inextensibility to |u(s)| = 1 ∀s. The first term is the bending energy, parametrized by the persistence length l p , while the second term is the external field due to a force F along the z axis. The |u(s)| = 1 constraint makes the dynamics of the system analytically intractable, but the partition function Z, expressed as a path integral over u(s), can be approximated through the stationary phase approach, yielding a Gaussian mean-field model. The end result is Z ≈ exp(−βF MF ) = Du exp(−βU MF ), where local inextensibility has been relaxed and the MFT Hamiltonian is:
From the stationary phase condition, ∂ ν F MF = ∂ ν0 F MF = 0, one finds that the parameters ν and ν 0 are functions of F and ǫ, and act as Lagrange multipliers enforcing the global and endpoint constraints ds
For F = 0, U MF has been studied extensively [17, 18] , and setting ǫ = (3/2)l p k B T it reproduces exactly the WLC tangent-tangent correlation u(s) · u(s ′ ) and related quantities. For F = 0, it successfully yields the known asymptotic forms for the average end-to-end extension parallel to the force: R z /L = 2l p F/3k B T for F → 0, and R z /L = 1 − 3k B T /8l p F for F → ∞ [14] , where R = L 0 ds u(s). These agree with the MarkoSiggia exact result for the WLC [19] , except for the factor 3/8, which should be 1/4.
Underlying this discrepancy is a serious problem in the isotropic MFT: for large F it cannot correctly account for the anisotropic fluctuation behavior of the WLC. To illustrate this, let us consider displacements δR = R z − R z and δR ⊥ = R x or R y . The MFT does not differentiate between and ⊥ fluctuations: δR 2 = δR 2 ⊥ for all F . However for the WLC, δR 2 becomes much smaller than δR 2 ⊥ , as is evident in the inset of Fig. 1 , showing a snapshot of end-point fluctuations taken from a BD simulation. A similar anisotropy exists between the ⊥ and fluctuations at F = 0 for a stiff filament with L l p [20] . Using the exact mapping of the WLC onto quantum motion over the surface of a unit sphere [21] , one can numerically calculate the fluctuation magnitudes, which are shown in Fig. 1 To resolve these difficulties, we propose an anisotropic version of the Gaussian model:
with u = u z , u ⊥ = (u x , u y ). We now have a total of seven parameters: {ǫ α , ν α , ν 0α }, α = , ⊥, and a force rescaling factor χ. The guiding philosophy will be similar to the isotropic case: to construct a Hamiltonian which closely approximates the equilibrium behavior of the WLC under tension, and then use it to derive a dynamical theory. For this purpose, we require that U should reproduce exactly the following lowest-order WLC averages:
. The latter can all be calculated from the quantum solution to the WLC [22] , while the corresponding analytical expressions derived from U lead to seven equations for the seven unknown parameters. These can be solved numerically for any given L, l p , and F (examples are shown in Sec. II of [22] ). In the limit F → 0, our approach recovers the stationary phase condition of the F = 0 isotropic model, as expected.
Our dynamical theory builds on the hydrodynamic pre-averaging approach used earlier for the isotropic MFT [11, 23] . Here we give a brief outline of the approach, with the full details in Sec. III of [22] . The time evolution of the chain r(s, t) is governed by the Langevin equation:
, where ξ α (s, t) are stochastic velocities, and hydrodynamic effects are included through the pre-averaged anisotropic mobility µ α avg (s − s ′ ). The latter is derived from the continuum version of the Rotne-Prager tensor ← → µ (s, s ′ ; x) [23] , describing solvent-mediated interactions between two points s, s ′ on the contour at spatial separation x. If the equilibrium probability of finding such a configuration is G(s, s ′ ; x), then the integration
In the absence of hydrodynamic effects (a case we will consider as a comparison), the free-draining mobility is µ
, where a is a microscopic length scale (i.e. the monomer radius), and µ 0 is the Stokes mobility of a sphere of radius a. We assume the stochastic velocities ξ(s, t) are Gaussian, with correlations given by the fluctuation-dissipation theorem:
The Langevin equation, together with boundary conditions at the end-points due to the applied force, can be solved through normal mode decomposition, yielding all the dynamical quantities which we will analyze below.
To validate the anisotropic MFT, we compared the theoretical results to BD simulations of a bead-spring worm-like chain, consisting of N spheres of radius a (contour length L = 2aN ), with the monomers hydrodynamically coupled through the Rotne-Prager tensor. 
, and an end-point of the chain, ∆
, is depicted at two different forces F . There is excellent quantitative agreement with the BD simulations (dashed curves), with the maximum errors ≈ 10% for the ⊥ and ≈ 20% for the results in the time ranges shown. The biggest discrepancies occur at short times for the component with F = 20k B T /l p , where the length scale of the motion is comparable to the bead size, and we expect the discrete BD chain to deviate from continuum MFT behavior. The close agreement is all the more remarkable since the MSD shows a complex crossover behavior that is only imperfectly captured by asymptotic scaling theories, for example the Granek prediction [5] for ⊥ motion based on the WBA. For t ≪ τ ⊥1 , the longest relaxation time of the chain in the ⊥ direction, Granek derives two regimes separated by the crossover time t * = 2l p k B T /3F 2 µ 0 a: a stiffness-dominated regime at t ≪ t * , with MSD ∝ t 3/4 , and a force-dominated regime at τ ⊥1 ≫ t ≫ t * , with a slower scaling ∝ t 1/2 . The insets of Fig. 2 (a)-(b) show the local slopes of the log-log MSD plots, d log ∆ α /d log t, with times τ ⊥1 calculated from the MFT marked by dots. With increasing F , we do indeed find the local slope is reduced, but the dynamic scaling is modified by two important effects: (i) the slow crossover to center-of-mass motion at times t ≫ τ ⊥1 , where the slopes of ∆ end α and ∆ ee α approach 1 and 0 respectively; (ii) logarithmic corrections due to hydrodynamics, which increase the local exponent on the order of 10%. Note that even in the strongly stretched limit, F l p /k B T ≫ 1, where the polymer is nearly straight, hydrodynamic effects are significant. Fig. 3 
⊥, hydro. , hydro. ⊥, no hydro. , no hydro. Through the fluctuation-dissipation theorem, the MSD can be used to extract the viscoelastic properties of the chain: Fourier transforming the MSD functions gives the imaginary parts of the end-to-end and self response functions of the polymer end-points, Im
Here δr α (L, ω) and δR α (ω) are the complex oscillation amplitudes resulting from a small force f α (ω) = f 0 exp(−iωt) applied to one or between both ends of the chain in addition to the prestretching tension F . Using the MFT, one can express J are determined by the MFT solution [22] . The mode number cutoff M = L/8a is chosen to roughly model the discrete nature of the chain at length scales comparable to the bead diameter, but results at larger length scales are independent of the cutoff [11] . we pass into the more interesting highfrequency regime governed by the complex nature of normal mode relaxation under tension and hydrodynamic interactions (up to the ultraviolet cutoff at τ −1 αM , above which the discreteness of the chain dominates). The effects of tension in this regime have been directly observed in cytoskeletal networks through microrheology [1, 6] : with increasing force the dynamic compliance is reduced, and the high-frequency scaling changes from ω −3/4 (the behavior of a relaxed semiflexible network) to ω −1/2 . We find both of these stiffening effects in our MFT results, with an important correction: unlike a network, where hydrodynamics is screened, in the single polymer case the long-range interactions modify the local slopes: rather than −3/4 and −1/2, we see ≈ −0.8 at weak force changing to ≈ −0.6 at strong force. This correction, along with the full crossover behavior of the imaginary response-proportional to the power spectral density (PSD)-should be observable in future nanorheology experiments for single semiflexible chains (i.e. the AFM techniques already used to extract the PSD of flexible polymers [24, 25] ).
Though we have demonstrated the accuracy of the MFT, one must be careful to consider the limitations of our approach. For small forces, F l p /k B T ≪ 1, and extremely long chains, L ≫ l 3 p /a 2 , one expects selfavoidance to be important [26] , which is entirely left out
2 µm.) In the opposite limit of extremely stiff chains, with l p ≫ L, we find another problem: for a system that is nearly a rigid rod, no Gaussian model will be able to capture the dynamics. In Fig. 3(b) we show ∆ ee α (t) for a chain with L = 100a, L/l p = 1/3, and F = 60 k B T /l p . We see that the MFT underestimates the relaxation time by an order of magnitude, saturating to equilibrium much quicker than the BD result. However the ⊥ Gaussian theory is still remarkably precise, deviating < 7% from the BD curve Fig. 3(b) . This gives a much better agreement with BD (< 25% deviation). Thus with the help of WBA, we can extend the scope of our Gaussian MFT even to the rigid rod limit.
In summary, we have developed an anisotropic MFT for the dynamics of semiflexible chains under tension, whose most notable features are an unprecedented quantitative accuracy-verified through BD simulationsand a broad range of validity, not restricted to the weakly bending regime. Understanding kinetics of single stretched chains is interesting in itself (or as the first step toward more elaborate theories of stressed networks), but it can also be exploited in other contexts: optical tweezer force-clamp experiments depend sensitively on the dynamical response of the DNA handles that are attached to the object of interest, whether a nucleic acid hairpin or protein [27] . The implications of our theory in analyzing such experiments will be pursued in future work.
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I. QUANTUM SOLUTION OF THE WLC
The mapping between the WLC and a quantum particle moving on the surface of a unit sphere can be exploited to calculate exactly many of the equilibrium properties of the system [1] . Here we follow a technique similar to Ref. [2] to numerically evaluate thermodynamic averages of the WLC to arbitary accuracy. To compute all the quantities of interest, we start with a WLC Hamiltonian augmented by two extra terms:
The extra parameters F x and K will later be set to zero after taking the appropriate derivatives of the partition function. Rescaling the contour variable as τ = s/l p and factoring out k B T , we can rewrite U in a simpler form:
where T = L/l p , f = βl p F , f x = βl p F x , and k = βl p K. Let us define the propagator G(u 0 , u T ; T ) as the path integral over all configurations with initial tangent u(0) = u 0 and final tangent u(T ) = u T :
Then for boundary conditions with free end-point tangents the partition function is given by Z = (4π)
, where the integrations are over the unit sphere S. The quantum Hamiltonian corresponding to βU is
describing a particle on the surface of a unit sphere. In terms of the associated quantum eigenvalues E n and eigenstates ψ n (u), the propagator G is given by:
where in the second step we have expanded out the eigenstates in the basis of spherical harmonics, ψ n (u) = lm a nlm Y lm (u), with coefficients a nlm . For a given n, these coefficients are just the components of the nth eigenvector for the Hamiltonian H in the Y lm basis. Thus to proceed, one needs the detailed form of this matrix:
We list below only the nonzero elements of each contribution that are relevant to the calculation, with symmetry of the matrix implicitly assumed:
The eigenvectors a nlm and eigenvalues E n can be readily calculated numerically by truncating the infinite matrix H l,m;l ′ ,m ′ to a finite size (with cutoff chosen large enough to get the desired precision). The partition function Z can then be written as:
Most of the thermodynamic averages used in the anisotropic MFT can be directly derived from Z:
, δR
.
(S.8)
The end-point averages are calculated similarly:
(S.9)
II. CALCULATING THE PARAMETERS OF THE ANISOTROPIC MFT
With free end-point tangent boundary conditions, the partition function
Du exp(−βU ) (S.10)
corresponding to the anisotropic MFT Hamiltonian U [Eq.
(1) in the main text] can be evaluated analytically:
where ω α ≡ 2ν α /ǫ α , α = , ⊥. Similarly one can extract analytic expressions for all seven of the thermodynamic averages used in the fitting of the MFT parameters:
(S.12)
By setting these expressions equal to the exact WLC results calculated from the quantum approach, Eqs. (S.8) and (S.9), one obtains a system of seven coupled equations that can be solved numerically for a given L, l p , and F , yielding the seven Hamiltonian parameters: ǫ , ǫ ⊥ , ν , ν ⊥ , ν 0 , ν 0⊥ , and χ. Fig. S.1 shows a set of solutions for L = 100a, l p = 20a, and varying F . In the small force regime, F ≪ k B T /l p , where stretching is negligible, the parameters converge to the same values as in the isotropic MFT:
III. DYNAMICAL THEORY OF THE ANISOTROPIC MFT
Here we adapt the dynamical theory used successfully for the isotropic MFT [5, 6] to the anisotropic case of a chain under tension. The general hydrodynamic preaveraging approach is similar to that used for the Zimm model [7, 8] . The time evolution of the chain r(s, t) follows the Langevin equation: Here the ξ(s, t) is the stochastic contribution, and ← → µ (s, s ′ ; x) is the continuum version of the Rotne-Prager tensor [5] ,
describing long-range hydrodynamic interactions between two points at s and s ′ on the chain contour, separated by a spatial distance x. The microscopic length scale a corresponds to the monomer radius, η is the viscosity of water, µ 0 = 1/6πηa is the Stokes mobility of a sphere of radius a, and the Θ function excludes unphysical configurations (overlap between monomers).
Eq. (S.13) cannot be solved directly, because the hydrodynamic tensor depends on the exact configuration of the chain at time t, so we employ the pre-averaging approximation: replacing ← → µ (s, s ′ ; r(s, t) − r(s ′ , t)) with an average over all equilibrium configurations, ← → µ avg (s, s ′ ):
where G(s, s ′ ; x) is the equilibrium probability of finding two points at s and s ′ with spatial separation x. For the anisotropic Hamiltonian U this probability takes the form:
α . In deriving G we have assumed a large chain length L, which simplifies the resulting analytical expression. Plugging Eq. (S.16) into Eq. (S.15) leads to: where the anisotropic mobilities µ α avg can be written in terms of integrals over coordinates x = x 2 ⊥ + x 2 and ζ = x /x:
These integrals are evaluated numerically to obtain the mobilities as a function of contour distance l. In Fig. S.2 we show the results for L = 100a, l p = 20a, and F = 1.0 k B T /a. Note that the mobility parallel to the stretching direction is enhanced relative to the transverse component, as we expect for an extended chain. The pre-averaged version of the Langevin equation can now be written as: 19) for α = , ⊥. The ξ(s, t) are Gaussian random vectors, whose components have correlations given by the fluctuationdissipation theorem:
Plugging in the form of U , the internal force term in the Langevin equation becomes
where we have introduced the differential operatorÔ α s ′ . To complete the dynamical theory, we must specify the boundary conditions at the chain ends:
The first two represent the force applied at the ends, while the second two the absence of torque. To properly deal with the boundary conditions for F = 0, we write r(s, t) in the following way: r α (s, t) =r α (s, t) + F δ α, φ(s), where r(s, t) satisfies the homogeneous (F = 0) version of Eq. (S.22), while φ(s) is chosen such that the total function r(s, t) satisfies the full boundary requirements. The resulting form for φ(s) is:
We now proceed to transform the Langevin equation into matrix form, which will allow us to solve it through numerical diagonalization. Let us assume ξ α (s, t) satisfies similar boundary conditions tor α (s, t), and expand both functions in normal modes ψ α n (s), with amplitudes p αn (t) and q αn (t) respectively:
(S.24)
The normal modes ψ 
, n odd,
, n even,
where
The 27) where
Both H α nm and w n can be evaluated through numerical integration. In order to make solving these equations feasible, we introduce a high-frequency cutoff M on the mode number, keeping only the slowest-relaxing modes n = 0, . . . , M −1, whose hydrodynamic interactions are described by the leading M ×M sub-blocks of the matrices H α . Following Ref. [6] we set M = L/8a, which provides good agreement at short times with Brownian dynamics simulations of bead-spring chains with monomer radius a. For longer times, where the polymer motion is on length scales much larger than a, the dynamical results are insensitive to the precise value of the cutoff.
The final step in simplifying the dynamical theory is diagonalization. Let J α be the M × M matrix with elements J α nm = H α nm λ αm , Λ αn be the eigenvalues of J α , and C α the matrix diagonalizing
T ] nm = Θ αn δ nm , defining parameters Θ αn [7] . The diagonal version of Eq. (S.27) then reads:
Using Eq. (S.29) it now becomes possible to solve for a variety of dynamical observables. For example, the result for the MSD of a chain end-point is:
where we have introduced the center-of-mass diffusion constant
2 /Λ αn . Similarly, for the MSD of the end-to-end vector,
IV. BROWNIAN DYNAMICS SIMULATIONS
For the BD simulations [9] used to validate the mean-field theory, the chain consists of N beads of radius a whose positions r i (t) are governed by the discrete Langevin equation: 
VI. WEAKLY BENDING APPROXIMATION FOR ∆ ee (t) BASED ON THE ⊥ MFT RESULTS
For small deviations from the rigid rod limit, the and ⊥ tangent vectors of the WLC can be related as: u (s, t) = 1 − u 2 ⊥ (s, t) ≈ 1 − u 2 ⊥ (s, t)/2 − u 4 ⊥ (s, t)/8 + · · · , where u ⊥ = (u x , u y ). This is the fundamental equation for the weakly bending approximation, and it allows one to derive certain aspects of the dynamics assuming the ⊥ dynamics are known, specifically the behavior of u 2 ⊥ (s, t). As seen in Fig. 3(b) of the main text, the anisotropic MFT provides a highly accurate prediction for the ⊥ end-to-end MSD even for very stiff chains, so we can exploit the reliability of the ⊥ dynamical theory through the WBA approach.
We focus on finding an estimate for the end-to-end MSD function ∆ ee (t), though the method is generalizable to other dynamical quantities. ∆ ee (t) can be expressed as ∆ ee (t) = 2(C (0) − C (t)), where the correlation function C (t) is given by:
(S.36)
Here we have used the fact that R (t) = L 0 ds u (s, t). Plugging in the second-order expansion u (s, t) ≈ 1 − u 2 ⊥ (s, t)/2 − u 4 ⊥ (s, t)/8, we get an expression for C (t) involving averages over various products of u 2 ⊥ (s, t). From the normal mode expansion in Sec. III we know that u ⊥ (s, t) = ∂ s r ⊥ (s, t) = n P ⊥n (t)Ψ ⊥′ n (s), where P ⊥n = (P xn , P yn ) and Ψ ⊥′ n (s) ≡ ∂ s Ψ ⊥ n (s). Thus all averages over u 2 ⊥ (s, t) are averages over the normal mode amplitudes P ⊥n (t), and these can be directly calculated from Wick's theorem and the solution of Eq. (S.29) for the ⊥ components. The final result for C (t) at order O(u 4 ⊥ ) has the form: 
